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Abstract
We present the galaxy power spectrum in general relativity. Using a novel approach to computing the
power spectrum, we derive the galaxy power spectrum taking into account all the relativistic effects in
observations. We first demonstrate that the presence of an infrared divergence in previous calculations
of the galaxy power spectrum is inconsistent with the equivalence principle, and we show that this un-
physical behavior on large scales vanishes if we consider all the relativistic effects consistently. As a
consequence, the relativistic effects in the galaxy power spectrum yield no corrections to the measure-
ment of the primordial non-Gaussianity. We present our numerical computation of the full galaxy power
spectrum, with particular emphasis on the deviations from the standard redshift-space power spectrum
on large scales. We conclude that, as relativistic effects significantly alter the galaxy power spectrum at
k . keq, they need to be taken into account in the analysis of large-scale data.
†E-mail: ngrimm@physik.uzh.ch
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1 Introduction
The next generation of galaxy surveys [1–6] is going to explore the large-scale structure of the universe
with unprecedented precision in their measurements and parameter estimation. By measuring the po-
sitions of millions of galaxies, these surveys will probe the distribution of galaxies at high redshifts on
very large scales, where the relativistic effects are more important. In order to extract physical informa-
tion from this map, different observables are computed, such as the galaxy correlation function and the
galaxy power spectrum. However, the theoretical expressions of the galaxy number density used for data
analysis usually take into account only matter density fluctuations and redshift-space distortions, while
ignoring relativistic effects. These standard expressions provide a reasonably good approximation to
what we observe, which is, however, not sufficiently accurate to interpret high-precision measurements
from upcoming surveys.
The impact of relativistic effects on the correlation function and the power spectrum has already
been investigated in previous works. While the expression for the observed galaxy number density
involves only one spatial point, the expressions needed to compare to observations often involve two
points or more. The galaxy correlation function can be derived directly in terms of observable quantities,
simply connecting two points on the sky. Its theoretical prediction, including all the relativistic effects,
has been recently presented in [7–9]. The galaxy power spectrum, however, is mathematically more
involved due to difficulties arising from the non-local nature of the Fourier transform and the non-flat
sky (see [10] for using the spherical power spectrum on the sky).
Taking into account the kinematic Doppler effect in redshift-space, Kaiser [11] pioneered the study
on the relation between the physical and the observed quantities in Newtonian dynamics and presented
the anisotropic galaxy power spectrum in the observed coordinates, i.e. the redshift space. Extending this
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concept to a fully general relativistic study, a gauge-invariant expression for the galaxy number density
was first obtained in [12, 13]. This expression contains general relativistic contributions evaluated at the
source position, as well as at the observer position and along the line-of-sight such as the gravitational
lensing contribution. Based on this solution, the corresponding galaxy power spectrum was derived, and
its detection significance was quantified in [13–15]. However, because of the difficulties associated with
the Fourier decomposition, these works included only the relativistic effects at the source position in
their analysis of the power spectrum, while ignoring those at the observer position and along the line-
of-sight. It was shown in [7] that omitting these contributions leads to a gauge-dependent expression
for the galaxy number density which does not correctly describe observations. As a consequence, the
galaxy power spectrum obtained in [13–15] using this incomplete expression diverges on super-horizon
scales. In literature, this result of infrared divergence was taken seriously in the interpretation of future
large-scale power spectrum measurements, as the purely relativistic effects appear to generate signals on
large scales similar to those from the local-type primordial non-Gaussianity [16–22]. In this work we
show that, when all the contributions neglected in previous works are taken into account, the expression
is in agreement with the equivalence principle (see [7, 15, 23, 24]), and the infrared divergence vanishes.
Therefore, there is no contamination from the general relativistic effects to the primordial non-Gaussian
signature at linear order in perturbations.
In this work, we first investigate the relation between the theory and observed galaxy power spectra,
which provides the possibility to correctly analyze observed data. Then, we focus on the derivation of the
theory power spectrum in general relativity. We present a simple method to compute the galaxy power
spectrum from the variance of the observed galaxy fluctuation, which allows to take into account all the
relativistic effects, including those evaluated at the observer and along the line-of-sight direction. With
this method, we derive the expression for the full anisotropic galaxy power spectrum. As mentioned
above, we show that when all terms are taken into account, the theory power spectrum is devoid of
the infrared divergence claimed in previous works [13–15]. Furthermore, our numerical results show
the correct behavior of the theory power spectrum on large scales, where the relativistic effects manifest
themselves and cause deviations from the standard redshift-space prediction given by the Kaiser formula.
While a correct description of the relativistic effects is essential to understand the clustering of
galaxies on large scales (from the theoretical point of view), in order to obtain the detection significance
one has to compute the observed power spectrum. Obviously, a very large survey volume is needed to
observe the impact of relativistic effects on the galaxy power spectrum. Here, we do two important steps
towards that direction: We clarify what is actually observed and provide the correct interpretation of the
galaxy power spectrum commonly computed in theory, and we derive the correct theoretical expression
considering all relativistic effects.
The organization of this paper is as follows. First, we introduce the expression for the observed
galaxy fluctuation with all required ingredients in sections 2.1 and 2.2. Then, we discuss the distinction
between the observed galaxy power spectrum and the theory one in section 2.3, providing the math-
ematical relation between the two quantities. We then study the theory power spectrum in section 3,
where we derive its analytical expression (section 3.1) and discuss how the issue concerning the infrared
divergence is resolved (section 3.2). Furthermore, in section 3.3, we consider the galaxy power spectrum
when accounting for the standard redshift-space distortion and standard lensing only. In section 4, we
compute the theory power spectrum numerically and discuss the impact of general relativistic effects
on the monopole (section 4.1), quadrupole (section 4.2) and hexadecapole (section 4.3) of the power
spectrum. We conclude with a summary and discussion in section 5. In appendix A, we provide the
expressions for the cross power spectra of the different contributions to the galaxy fluctuation.
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2 Preliminaries
In this section, we first introduce in section 2.1 the perturbation variables needed for the expression
of the observed galaxy number density, with the solutions for their time evolution in ΛCDM. Next we
present in section 2.2 the gauge-invariant expression for the observed galaxy number density fluctuation,
which will be referred to as the observed galaxy fluctuation. Finally, in section 2.3, we define the theory
Fourier modes of the observed galaxy fluctuation and discuss the subtleties associated with them.
2.1 Metric convention and ΛCDM solutions for scalar perturbations
We adopt a spatially flat Friedmann-Robertson-Walker (FRW) metric for our theoretical description of
the background universe. For an inhomogeneous universe, we consider only linear-order scalar pertur-
bations and a pressureless medium (dark matter and baryons on large scales). We choose the conformal
Newtonian gauge:
ds2 = −a2(1 + 2Ψ)dη2 + a2(1− 2Ψ)dx2 , (2.1)
where η is the conformal time, xi are the Cartesian coordinates, a(η) is the scale factor and Ψ(η,x) is the
linear-order gravitational potential. In this space-time, the observer moves with time-like four-velocity
uµ ≡ a−1(1 − Ψ, V i), where the spatial component can be expressed in terms of a scalar perturbation
v(η,x) as Vi ≡ −∂iv.
The observer identifies the position of a source galaxy by measuring the redshift z and the an-
gular direction nˆ of the incoming photons. Given these quantities, the observed source position xµ =
(η¯z, r¯znˆ
i) can be computed by using the distance-redshift relation in a homogeneous universe,
r¯z = η¯o − η¯z =
∫ z
0
dz′
H(z′)
, (2.2)
where H is the Hubble parameter and a bar indicates that the coordinates are computed in the back-
ground universe at the observer (o) and the source (at redshift z) positions. However, the real position
of the source galaxy is different from the one inferred in the background universe, because the photon
propagation is affected by the inhomogeneities.
Before introducing the theoretical prediction for the galaxy number density, we need the ΛCDM
solutions for the scalar perturbations that enter the expression. In a universe with a pressureless medium,
all Fourier modes at linear order grow at the same rate and the time dependence of the scalar perturba-
tions in the conformal Newtonian gauge can be expressed in terms of the growth function D of the
matter density contrast,
δm(η,x) = [D(η)/D(η¯o)]δm(x) , (2.3)
where δm(x) is the spatial configuration at the present time. Using the conservation of energy and
momentum in a ΛCDM universe, one can derive the evolution equation for the linear growth function
D(η) in terms of the scale factor
d2D
da2
+ (2− Ωm) 3
2a
dD
da
− 3
2a2
D = 0 , (2.4)
and the solution is
D(a) ∝ a 2F1
[
1
3
, 1,
11
6
,− a
3
Ωm
(1− Ωm)
]
, (2.5)
where 2F1 is the hypergeometric function and Ωm is the matter density today. Furthermore, all the
other perturbation variables can be expressed in terms of the initial curvature perturbation ζ(x) in the
comoving gauge as
Ψ(η,x) = DΨ(η)ζ(x) , v(η,x) = −DV (η)ζ(x) , Vi(η,x) = DV (η)∂iζ(x) , (2.6)
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where the growth functions D and DΨ are dimensionless, while DV has a dimension of length. As
described in [25], the time-dependent growth functions DΨ and DV are related to D through
DΨ =
1− Σ
Σ
, DV =
1
aHΣ
, Σ ≡ 1 + 3
2
Ωm
f
, f ≡ d lnD
d ln a
, (2.7)
and, furthermore, DΨ and DV satisfy the following equations:
DΨ = HDV − 1 = −HDV −D′V = −
1
2
(D′V + 1) ,
∫ r¯z
0
dr¯ DΨ =
1
2
(DV −DV o − r¯z) . (2.8)
Here, H = aH is the conformal Hubble parameter and a prime denotes the derivative with respect to
conformal time. Finally, the relation between the spatial configuration δ(x) of the density contrast and
the curvature perturbation ζ(x) today is given by
ζ(x) = C∆−1δm(x) . (2.9)
Since ζ is time-independent in the late universe, C ≡ −H2ΣfD is a constant and has dimension of r−2.
This completely determines the relation of all the perturbation variables to the density contrast at z = 0.
From now on we use the notation D for the growth factor normalized at the present epoch.
Finally, we point out the solutions to the growth functions and related quantities in an Einstein-de-
Sitter universe, as this will be useful in subsequent sections to analyze high-redshift behavior. In such a
universe, the matter fluctuation grows with the scale factor:
D(a) = a , f = 1 , Σ =
5
2
, DΨ =
3
5
. (2.10)
The Friedmann equations in the Einstein-de Sitter universe yield
a(η) =
(Hoη
2
)2
, H = Hoa−1/2 , H′ = −H
2
2
= −H
2
o
2a
, DV =
2a1/2
5Ho
. (2.11)
2.2 Observed galaxy number density
The observed galaxy number density ng is obtained by counting the number of galaxies within the ob-
served volume, which is the volume in a homogeneous universe within the observed redshift interval
and the observed solid angle. However, in the presence of inhomogeneities in the universe, the observed
volume does not correspond to the physical one occupied by the observed galaxies. Such difference con-
tributes to the fluctuation δg in the galaxy number density that can be described as ng ≡ n¯g(η¯z)(1 + δg),
where n¯g is the mean density. Since the galaxy number density is a physical observable, the theo-
retical expression of δg, derived as a function of the observed redshift and angles, is gauge-invariant
[12, 13, 15, 26, 27].
We split the expression of the observed galaxy fluctuation into the local contributions evaluated at
the source (s) and the observer (o) positions, and the non-local (nl) contributions: δg(z, nˆ) = δs(z, nˆ)+
δo(z, nˆ) + δnl(z, nˆ), where we use the term “non-local” to refer to the contributions arising from the
line-of-sight integration as opposed to those localized at the observer or the source position. Written as a
function of the observed redshift and angles, the expression in the conformal Newtonian gauge is given
by
δs = bδm − eHv +
[
4− h(z)](V‖ −Ψ)− 1H (∂‖V‖ − V ′‖ − ∂‖Ψ−Ψ′) , (2.12)
δo = −
[
3− h(z) + 2
r¯zHo
]
Hovo +
[
3− h(z)]Ψo + [h(z)− 1]V‖o , (2.13)
δnl =
∫ r¯z
0
dr¯
[
4
r¯z
Ψ + 2
[
h(z)− 3]Ψ′ − 2( r¯z − r¯
r¯z r¯
)
∇ˆ2Ψ
]
, (2.14)
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where b is the galaxy bias, δm is the matter density contrast in the comoving gauge, e ≡ d ln n¯g/d ln(1+
z) is the evolution bias (e = 3 for a constant comoving number density), V‖ ≡ nˆiVi is the line-of-sight
velocity, ∂‖ ≡ nˆi∂i is the derivative along the line of sight, ∇ˆ2 is the angular Laplacian, related to the
3D Laplacian ∇ˆ2 = r¯2∆− 2r¯ ∂r¯ − r¯2∂2r¯ , and r¯ is the radial coordinate corresponding to the comoving
distance. Furthermore, we defined the redshift-dependent function
h(z) ≡ e+H′/H2 + 2/(r¯zH) , (2.15)
for ease of notation.1 As visible in figure 1, this function diverges at low redshift due to the factor 1/r¯z
in the third term. At higher redshift, this term contributes less, as it goes to zero in a matter-dominated
universe, while the second term converges to −0.5, implying that the total h converges to e− 0.5 .
The fluctuation δs at the source position includes the standard redshift-space distortion contribu-
tion,
δz(z, nˆ) ≡ bδm − 1H∂‖V‖ , (2.16)
and the non-local fluctuation δnl also includes the standard gravitational lensing effect,
δL(z, nˆ) ≡ −2
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)
∇ˆ2Ψ . (2.17)
Using equations (2.6)−(2.9), and the relation ∇ˆ2eikr¯ µk = −kr¯ [2iµk + kr¯(1 − µ2k)]eikr¯µk , we can
re-arrange the three contributions δs, δo, δnl to the observed galaxy fluctuation as
δs(z, nˆ) =
∫
d3k
(2pi)3
eikr¯zµk
[
A 1
k2
+ B iµk
k
+D
(
b+ fµ2k
)]
δ(k) , (2.18)
δo(z, nˆ) =
∫
d3k
(2pi)3
[
C 1
k2
+D iµk
k
]
δ(k) , (2.19)
δnl(z, nˆ) =
∫
d3k
(2pi)3
∫ r¯z
0
dr¯ eikr¯µk
[
E(r¯) 1
k2
+ F(r¯) iµk
k
+ G(r¯) (1− µ2k)
]
δ(k) , (2.20)
where δ(k) is the Fourier transform of the matter density contrast today, µk ≡ kˆ · nˆ is the cosine angle
between the wavevector and the line-of-sight direction, and we defined the following functions of time
(or redshift):
A ≡
(
− 2 [h− 3]HDV + 2
r¯z
DV − 5 + h
)
C , B ≡ [h− 3]DV C , (2.21)
C ≡
(
[3− h](1− 2HoDV o)− 2
r¯z
DV o
)
C , D ≡ −[h− 1]DV oC , (2.22)
E(r¯) ≡
(
− 4
r¯z
DΨ(r¯)− 2
[
h− 3]D′Ψ(r¯))C , F(r¯) ≡ −4( r¯z − r¯r¯z
)
DΨ(r¯)C ≡ 2
r¯
G(r¯) . (2.23)
These functions are all proportional to the constant C, i.e. the initial fluctuation amplitude. Their
dependencies on redshift (see figure 1) are determined by their relations to h,H, r¯z , DV , D and f . First,
note that the functions
∫ E(r¯)/C and ∫ F(r¯)/(Cr¯z) are both almost constant. Indeed, if we assume that
DΨ is constant and thus D′Ψ = 0, as in the case of a matter-dominated universe, the integrals are equal
to −4DΨ and −2DΨ, respectively. The fact that these functions are, however, not exactly constant
1Note that the definition of h(z) here corresponds to 3 − h(z) with h(z) defined as in [7], where the evolution bias e is
instead called ez .
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Figure 1: Redshift dependence of the functions A, B, C, D, E(r¯), F(r¯), h and D defined in equations (2.18)–(2.23), (2.15) and (2.3). In
order to plot dimensionless quantities we divided all functions, except for h and D, by the constant C (defined in equations (2.9)) and B, D,
F(r¯) additionally by the comoving distance r¯z . Note that the integrals of E(r¯) and F(r¯) are performed along the line-of-sight comoving
distance from zero to r¯z evaluated at the redshift value along the horizontal axis.
is due to changing potential at low redshift, where the cosmological constant has become important.
The functions A/C, B/C, C/C and D/(Cr¯z), however, all diverge at z → 0, which is an immediate
consequence of the factors 1/r¯z appearing in their definitions. To analyze the function’s behavior at
high redshifts, where the cosmological constant has little significance, we can use the Einstein-de Sitter
solutions presented in section 2.1 and the fact that h→ 2.5 for e = 3. The matter growth function D is
normalized to D = 1 at z = 0 and follows the behavior D ∝ a at high redshifts, as already discussed
in section 2.1. For A/C, the contribution of the term ∼ 1/r¯z converges to zero at high redshifts, while
the sum of the other terms converges to −2.1. The function B/C is proportional to a1/2 in a matter-
dominated universe, and thus approaches zero. Similarly, the function C/C converges to 3 − h ≈ 0.5,
as the other terms contain a factor a1/2. Finally, the function D/C converges to −1.5DV o/ηo ≈ −0.24.
Furthermore, note that if we set A = B = 0, then δs reduces to the standard redshift-space
distortion galaxy fluctuation δz , and, if E = 0, then δnl reduces to the standard lensing contribution to
the galaxy fluctuation δL. As we shall see in section 3.1, the expressions in equations (2.18)−(2.20) are
more practical to compute the power spectra of different contributions to the observed galaxy fluctuation.
We will derive the galaxy power spectrum as the sum of such contributions and also show that there is
no divergence on large scales.
2.3 Theory Fourier mode and theory power spectrum
In this section, we discuss the relation between the theory power spectrum that we compute in section 3
and the observed power spectrum measured in galaxy surveys. As we shall see, the key difference be-
tween the two quantities is the hypersurface used to determine the respective Fourier modes: The theory
– 6 –
Figure 2: Sketch of the observational light-cone volume and the hypersurface of simultaneity; The observer is identified at the background
time coordinate η¯o, and we consider the source field at one (observed) redshift slice z (time coordinate η¯z). The (survey) light-cone volume
drawn in blue corresponds to the observed hypersurface on which the observed Fourier mode δobsg (k) of δg(xobs) is defined. The (spatially
infinite) hypersurface of simultaneity at the source redshift drawn in red, in which the theory Fourier modes δthg (k; η¯z , nˆ) of δg(xobs) are
defined. Note that the intersection (blue and red) with the light-cone is the only part of the hypersurface of simultaneity to which we have
access in observation. We assume that the survey ranges over redshift z ∈ [zmin, zmax].
power spectrum is defined in a (infinite) hypersurface of simultaneity shown as red dotted in figure 2,
while the observed hypersurface is given by the past light-cone volume within the survey boundary
shown as blue solid. This light-cone volume, which the observers use to determine the observed power
spectrum, encompasses many time slices, while the theory Fourier modes and power spectrum are de-
fined in a hypersurface of simultaneity determined by a constant time coordinate.
In the survey light-cone volume V , the observed Fourier mode δobsg (k) can be obtained by simply
taking a Fourier transformation of the observed galaxy fluctuation δg(xobs) on the finite volume V , as
though the volume was a hypersurface of simultaneity, as
δobsg (k) ≡
∫
V
d3xobs e
−ik·xobsδg(xobs) , (2.24)
while the theory Fourier mode δthg (k; ηz, nˆ) is defined in a hypersurface set by the observed redshift z
(or any time coordinate) as
δg(xobs) =
∫
d3k
(2pi)3
eik·xobsδthg (k; η¯z, nˆ) , (2.25)
where the observed position on the light cone is in a FRW coordinate,
xobs ≡ r¯znˆ . (2.26)
While the definition of δobsg (k) takes the form of a Fourier transform, it is an actual Fourier trans-
form only under the assumption that the survey volume V corresponds to a (infinite) hypersurface of
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simultaneity. The theory Fourier mode, however, is always defined in a hypersurface of simultaneity,
regardless of observational accessibility. In general, the theory Fourier modes such as the matter density
δm(k; η), the peculiar velocity Vi(k; η) and the gravitational potential Ψ(k; η), defined in such a hy-
persurface independent of observations, are evolved according to the solutions of the Einstein equation
in section 2.1, given the initial conditions such as the comoving-gauge curvature perturbation ζ(k) at
initial time ηi. Consequently, these (theory) Fourier modes depend on the hypersurface set by the time
coordinate η, as evident in the solutions of the time-dependent growth functions in section 2.1. In par-
ticular, we are interested in the theory Fourier mode δthg (k; η¯z, nˆ) which is defined in the hypersurface
set by the observed redshift z (time coordinate η¯z) and corresponds to the observed galaxy fluctuation
δg(xobs) at the intersection xobs of the hypersurface and the survey light-cone volume, or the observed
sky at fixed redshift.
The (infinite) hypersurface of our interest is set by the observed redshift z only, independent of the
observed angle nˆ. Within this hypersurface, the theory fluctuation field δg(x; η¯z, nˆ) defined in terms of
the theory Fourier mode,
δg(x; η¯z, nˆ) ≡
∫
d3k
(2pi)3
eik·xδthg (k; η¯z, nˆ) , (2.27)
is well-defined at all spatial positions x, and it coincides with δg(xobs) given in equation (2.25) at the
intersection x = xobs. The theory Fourier mode is indeed the Fourier transformation of the fluctuation
field δg(x; η¯z, nˆ),
δthg (k; η¯z, nˆ) =
∫
z=const.
d3x e−ik·xδg(x; η¯z, nˆ) , (2.28)
where the spatial integration is over the infinite hypersurface of simultaneity set by the observed redshift
z. In this work, our focus is on the theory Fourier mode (or the theory power spectrum) in this hypersur-
face. However, this is in fact not a direct observable, but only related to the observed power spectrum,
as we explain below. In literature, the distinction between the theory and observed power spectra is
rarely made, and we are mainly used to the theory power spectrum. For example, we often compute
the matter power spectrum by using the Boltzmann code, which is defined in an infinite hypersurface of
simultaneity and thus corresponds to a non-observable theory power spectrum.
Nevertheless, as we discuss in section 3, the theory power spectra is a highly suitable tool for the-
oretical investigations of the observed galaxy fluctuation δg(xobs) in Fourier space. As one advantage,
it is independent of the specifications of the survey geometry, which complicates the computation of the
observed power spectrum in real surveys. Here, for completeness, we describe how the observed power
spectrum can be derived from the theory one when a specific survey geometry is given. First, note that
the observed Fourier mode can be related to the theory Fourier mode as
δobsg (k) ≡
∫
V
d3xobs e
−ik·xobsδg(xobs) =
∫
V
d3xobs e
−ik·xobs
∫
d3k′
(2pi)3
eik
′·xobsδthg (k
′; η¯z, nˆ)
=
∫
d3k′
(2pi)3
∫
V
d3xobs e
i(k′−k)·xobsδthg (k
′; η¯z, nˆ) . (2.29)
Due to the dependence on the angular and time coordinates, the theory Fourier mode cannot be pulled
out of the integration over the light-cone volume V . Only if the survey volume is shallow in redshift
depth and narrow in angle, it can be pulled out of the integration, and the volume integration can be
approximated as a Dirac delta function to yield δobsg (k) ≈ δthg (k; η¯z, nˆ). In general, the observed Fourier
mode is a convolution of the theory Fourier mode over multiple hypersurfaces set by the redshift range
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of the survey and also the survey geometry encoded in the integration range V . The observed power
spectrum is then related to the theory power spectrum as
(2pi)3δD(k1 − k2)Pobs(k1) ≡
〈
δobsg (k1)
(
δobsg (k2)
)∗〉
=
∫
d3k
(2pi)3
∫
d3k′
(2pi)3
∫
V
d3x1
∫
V
d3x2 e
i(k−k1)·x1e−i(k
′−k2)·x2
〈
δthg (k; η¯1, nˆ1)
(
δthg (k
′; η¯2, nˆ2)
)∗〉
=
∫
d3k
(2pi)3
∫
V
d3x1
∫
V
d3x2 e
ik·(x1−x2)e−i(k1·x1−k2·x2)Pth(k; η¯1, η¯2, nˆ1, nˆ2) , (2.30)
where we have used
〈δthg (k; η¯1, nˆ1)δth ∗g (k′; η¯2, nˆ2)〉 ≡ (2pi)3δD(k − k′)Pth(k; η¯1, η¯2, nˆ1, nˆ2) . (2.31)
Now, by defining the Fourier kernel F that encodes the survey geometry,
F (k,k′) ≡
∫
V
d3xobs e
i(k−k′)·xobs T (η¯z, nˆ) , (2.32)
where the transfer function T is defined as
Pth(k; η¯1, η¯2, nˆ1, nˆ2) ≡ Pζ(k)T (η¯1, nˆ1)T (η¯2, nˆ2) , (2.33)
we can re-write the relation between the observed and theory power spectra as
(2pi)3δD(k1 − k2)Pobs(k1) =
∫
d3k
(2pi)3
Pζ(k)F (k,k1)F
∗(k,k2) . (2.34)
Considering that (2pi)3δD(0) =
∫
d3x ≈ ∫V d3x = V is approximately the observed volume, the
observed power spectrum can then be derived in terms of the Fourier kernel as
Pobs(k) ≈ 1
V
∫
d3k′
(2pi)3
Pζ(k
′)|F (k′,k)|2 . (2.35)
In summary, the observed power spectrum is given by a convolution of the theory power spectrum with
the survey geometry over the observed light-cone volume. Throughout the paper, our primary focus will
be the theory power spectrum in a hypersurface of simultaneity shown as red dotted in figure 2.
Since the theory Fourier mode is defined in terms of the observed position xobs, the theory power
spectrum of our interest is also defined in terms of one observed position xobs, and with equation (2.25)
it can be readily obtained by considering the variance of the observed galaxy fluctuation as
σ2g(xobs) ≡ 〈δ2g(xobs)〉 =
∫
d3k
(2pi)3
∫
d3k′
(2pi)3
〈δthg (k; η¯z, nˆ)δth ∗g (k′; η¯z, nˆ)〉 ≡
∫
d3k
(2pi)3
Pth(k; η¯z, nˆ) ,
(2.36)
where
Pth(k; η¯z, nˆ) = Pζ(k)T
2(η¯z, nˆ) . (2.37)
Given the expression of the observed galaxy fluctuation in equations (2.18)−(2.20), we can compute
the variance at a given observed position xobs and simply read off the theory power spectrum defined
in the hypersurface set by η¯z and the observed angle nˆ. As we demonstrate in section 3, this theory
power spectrum can be directly used to study the impact of effects such as the redshift-space distortion,
but without the need of applying the distant observer approximation or other simplifying assumptions.
Furthermore, since it is defined in terms of only one observed point, there is no ambiguity involving two
points such as the wide angle effect (see, e.g., [28]). Hereafter, we refer to Pth(k; η¯z, nˆ) simply as the
power spectrum.
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3 Power spectrum for the observed galaxy number density
In this section, we first evaluate in section 3.1 the theory power spectra of the contributions δs, δo and
δnl, by using the method described in section 2.3. The resulting expressions will be used to numerically
compute the galaxy power spectrum including all general relativistic effects in section 4. Then, we
discuss in section 3.2 the issue of infrared divergences in the individual contributions, explaining how
and why they cancel out in the galaxy power spectrum. Finally, in section 3.3, we consider the galaxy
number density when only the standard redshift-space distortion and lensing term are accounted for.
3.1 Individual contributions to the power spectrum
Following the method described in section 2.3, the full relativistic galaxy power spectrum P thg is obtained
by computing the variance of the galaxy fluctuation δg,
σ2g(xobs) ≡
〈
δ2g(z, nˆ)
〉
=
∫
d3k
(2pi)3
P thg (k; η¯z, nˆ) . (3.1)
Since the galaxy fluctuation is given by the sum of the local and non-local contributions as δg = δs+δo+
δnl, the theory Fourier mode δthg (k; η¯z, nˆ) is also the sum of the individual contributions δ
th
g (k; η¯z, nˆ) =
δths (k; η¯z, nˆ) + δ
th
o (k; η¯z, nˆ) + δ
th
nl(k; η¯z, nˆ) and the galaxy power spectrum can be written as the sum of
their power spectra
P thg ≡ Ps + Po + Pnl + 2Ps-o + 2Ps-nl + 2Po-nl , (3.2)
where the individual power spectrum is defined as∫
d3k
(2pi)3
Pa-b(k; η¯z, nˆ) =
1
2
[〈δa(z, nˆ)δ∗b (z, nˆ)〉+ 〈δb(z, nˆ)δ∗a(z, nˆ)〉] , (3.3)
and Pa ≡ Pa-a. All the power spectra are evaluated given the observed redshift z and observed angle
nˆ. Note that the splitting of Pg as in equation (3.2) is gauge-dependent, as it simply follows from
the decomposition of δg into the local and non-local contributions. However, such decomposition is
convenient to compare the complete prediction P thg with the previous work in literature. For example,
the power spectrum computed in [13–15] corresponds to Ps alone, as we show below in detail.
First we compute the power spectrum Ps of the fluctuation δs at the source position and com-
pare it with the result presented in [13–15]. The variance of δs can be directly derived starting from
equation (2.18) as
σ2s(xobs) =
〈
δ2s(z, nˆ)
〉
=
∫
d3k
(2pi)3
[(
b2 + 2bfµ2k + f
2µ4k
)
D2
+
(
2bDA+ 2DfAµ2k + B2µ2k
) 1
k2
+A2 1
k4
]
Pm(k) ,
(3.4)
where µk = kˆ · nˆ and Pm(k) is the matter power spectrum at redshift zero. The corresponding power
spectrum can now be read off as
Ps(k; η¯z, nˆ) = Pz(k; η¯z, nˆ) +
[(
2bDA+ 2DfAµ2k + B2µ2k
) 1
k2
+A2 1
k4
]
Pm(k) , (3.5)
where we introduced the standard redshift-space power spectrum [11],
Pz(k; η¯z, nˆ) ≡
[
b2 + 2bfµ2k + f
2µ4k
]
D2Pm(k) . (3.6)
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The power spectrum Ps at the source position recovers the standard redshift-space power spectrum
Pz without the need to assume the distant-observer approximation, demonstrating the utility of our
method. Our theory power spectrum is the one defined in an (infinite) hypersurface at the observed
redshift z that provides the correct observed variance σ2 at xobs. Since it does not involve the survey
geometry or two observed positions it is well suited for theoretical investigations. Furthermore, this
result Ps is in agreement with [13–15]. The contribution at the source to the power spectrum consists of
the redshift-space power spectrum Pz and the general relativistic effects, corresponding to the terms in
the square brackets that are proportional to k−2Pm(k) and k−4Pm(k).
Interestingly, since Pm(k) ∝ kns at small k, with the spectral index ns ≈ 0.96, these relativistic
corrections in Ps diverge when k goes to zero. As a result, Ps is infrared-divergent (so is σ2s from δs
alone), as already pointed out in [13–15]. As we will discuss in section 3.2, such infrared divergence is
not physical, as the source contribution Ps alone is not an observable and the equivalence principle is
violated in its expression. Only the expression for the total power spectrum P thg is consistent with the
equivalence principle.
As we have already mentioned, the splitting of P thg into individual components is for convenience,
and these components are not by themselves measurable physical quantities. Nevertheless, considering
the contributions individually can be useful to understand their importance on different scales for P thg .
With the expression for Ps at hand, we now derive the remaining contributions. We expect the remaining
expressions to contain terms proportional to k−2Pm(k) and k−4Pm(k) that eventually cancel those in
Ps when summed all together. In addition, there can be terms proportional to Pm(k) (non-divergent
terms) that would result in deviations from the standard prediction Pz of the redshift-space distortion.
As we will show, such deviations occur on large scales and they are redshift-dependent. Using the same
method applied to obtain Ps, we derive the power spectrum of the non-local contributions,
Pnl(k) =
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2 e
ik∆rµk
[
E1E2 1
k4
− 2E1F2 iµk
k3
+ 2E1G2 (1− µ
2
k)
k2
+ F1F2µ
2
k
k2
− 2G1F2(1− µ2k)
iµk
k
+ G1G2
(
1− µ2k
)2]
Pm(k) , (3.7)
and the power spectrum at the observer position,
Po(k) =
[
C2 1
k4
+D2µ
2
k
k2
]
Pm(k) , (3.8)
where we omitted the dependence on observed redshift and angle in our notation, Pnl(k) ≡ Pnl(k; η¯z, nˆ)
and Po(k) ≡ Po(k; η¯z, nˆ), and we defined ∆r ≡ r¯1 − r¯2 and Xi ≡ X (r¯i) for X ≡ E , F , G.
The above expressions can be expanded into angular multipoles in terms of the Legendre polyno-
mials L`(µk) as P (k) ≡
∑∞
`=0 L`(µk)P`(z, k). We obtain
Ps(k) = Pz(k) +
[
L0
A2
k4
+
1
k2
(
2DA
(
b+
f
3
)
+
B2
3
)
L0 +
2
3k2
(2DfA+ B2)L2
]
Pm(k) , (3.9)
Pz(k) =
[(
b2 +
2
3
bf +
1
5
f2
)
L0 +
(
4
3
bf +
4
7
f2
)
L2 +
8
35
f2L4
]
D2Pm(k) , (3.10)
for the expanded source and standard redshift-space power spectrum, where we omitted the dependence
of the Legendre polynomials on µk in our notation, Ll ≡ Ll(µk). For the expanded observer power
spectrum, we obtain
Po(k) =
[
C2L0 1
k4
+
1
3
D2(L0 + 2L2) 1
k2
]
Pm(k) , (3.11)
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and, for the expanded non-local power spectrum,
Pnl(k) =
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
E1E2 1
k4
j2n(∆x)− 2E1F2 j
′
2n(∆x)
k3
−F1F2 1
k2
j′′2n(∆x) + 2E1G2
1
k2
(
j2n(∆x) + j
′′
2n(∆x)
)− 2G1F2 1
k
(
j′2n(x) + j
′′′
2n(x)
)
+ G1G2
(
j2n(∆x) + 2j
′′
2n(∆x) + j
′′′′
2n(∆x)
) ]
Pm(k) , (3.12)
where j`(y) are the spherical Bessel functions, j′`(y) ≡ ∂yj`(y) are their derivatives, and we defined
∆x ≡ k∆r. Note that we used the relations
µ2k =
1
3
[L0(µk) + 2L2(µk)] , µ
4
k =
1
35
[7L0(µk) + 20L2(µk) + 8L4(µk)] , (3.13)
and the plane wave expansion
eiyµk =
∞∑
`=0
i`(2`+ 1)j`(y)L`(µk) , (3.14)
along with the derivatives of this equation up to 4th order. The cross power spectra Ps-o, Ps-nl, Po-nl of
δs, δo and δnl are derived in the same way and their expressions are presented in appendix A. The stan-
dard redshift-space power spectrum in equation (3.10) shows the usual decomposition into the monopole,
quadrupole and hexadecapole. However, the non-local contribution from the line-of-sight integration
gives rise to the contributions at all even multipoles ` = 0, 2, 4, 6, 8, . . . (odd multipoles vanish, which
can be seen from the fact that jn(−∆x) = (−1)njn(∆x) and the fact that r¯1 and r¯2 can be interchanged
in the integral). The results in equations (3.9)–(3.12) and (A.1)–(A.3) provide the complete analytical
expression for the fully relativistic power spectrum of the observed galaxy fluctuation.
3.2 Infrared divergences and their cancellation
The gauge invariance and the equivalence principle of general relativity offer a unique way to test the
validity of theoretical predictions for observable quantities, such as the observed galaxy fluctuation
δg and its power spectrum. It was shown in [7, 29] that the expression of the galaxy fluctuation in
equations (2.12)–(2.14) indeed fulfills these two requirements. In particular, the compatibility with
the equivalence principle ensures that the expression does not exhibit any infrared divergence on super
horizon-scales, as demonstrated in [24, 30]. Here, we revisit this issue for the power spectrum.
The equivalence principle states that, as a consequence of the equality of inertial and gravitational
mass, an observer cannot distinguish the acceleration caused by a uniform gravitational field from the
acceleration caused by a non-inertial reference system accelerating itself. This implies that a uniform
gravitational field cannot have any effect on physical observables. In the case of our interest, where
the source and the observer are on the past light-cone separated by the (comoving) distance r¯z , any
perturbation with wavelength r¯z behaves like a uniform gravitational field. We refer to such modes as
long-mode perturbations, which should not affect any local observables. Indeed, these modes produce
unphysical infrared divergences and it is important to check that their contributions cancel out in the
expression for the total galaxy power spectrum.
Following [7], we focus on the effects of long-mode perturbations by introducing an infrared cut-
off scale kIR (kIRr¯z  1). We then split the gravitational potential into long modes Ψl and short modes
Ψs as
Ψ(η, r¯nˆ) ≡ Ψl + Ψs =
∫ kIR
0
d3k
(2pi)3
eik·r¯nˆΨ(k; η) +
∫ ∞
kIR
d3k
(2pi)3
eik·r¯nˆΨ(k; η) . (3.15)
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By expanding the exponential in terms of kIRr¯, the long-mode potential can be written as
Ψl = Ψo + r¯Ψ1 +
∑
n≥2
(r¯)n
n!
Ψn , (3.16)
where
Ψo ≡
∫ kIR
0
d3k
(2pi)3
Ψ(η,k) , Ψ1 ≡ nˆi
[
∂iΨ
]
o
≡ nˆi
∫ kIR
0
d3k
(2pi)3
(iki)Ψ(η,k) , Ψn ≡ ∂n‖Ψ
∣∣
r¯=0
.
(3.17)
According to the equivalence principle, the contribution of Ψo and Ψ1, i.e. the uniform gravitational
potential and the uniform gravitational force, cannot have any effect on physical observables measured
by the observer. In fact, by considering the respective variances σ2o and σ
2
1 ,
σ2o = 〈ΨoΨo〉 ∝
∫ kIR
0
d3k
(2pi)3
1
k4
Pm(k) , σ
2
1 = 〈Ψ1Ψ1〉 ∝
∫ kIR
0
d3k
(2pi)3
µ2k
k2
Pm(k) , (3.18)
we immediately see that the long modes yield the divergent terms Pm/k2 and Pm/k4. Hence, the
presence of such terms would lead to an infrared-divergence in the galaxy power spectrum. Indeed,
if we consider only the source terms δs, the resulting power spectrum Ps(k) is, for very large scales
k → 0, given by
P k→0s (k) =
[
A2L0 1
k4
+
(
2bDA+ 2
3
DfA+ 1
3
B2
)
L0
1
k2
+
2
3
(2DfA+ B2)L2 1
k2
]
Pm(k) , (3.19)
with diverging terms ∼ k−2Pm(k) and ∼ k−4Pm(k). However, it was shown in [7] that the full gauge-
invariant expression of the galaxy fluctuation δg in fact does not contain any contributions from Ψo
and Ψ1, as these long-mode terms cancel each other when all relativistic contributions are consistently
accounted for. Here, we show that this also implies the vanishing of the infrared divergence for the total
power spectrum P thg .
First, we revisit the proof given in [7] for the compatibility of the full expression for δg with the
equivalence principle, using our decomposition of δg into observer terms δo, source terms δs and non-
local terms δnl. The long-mode gravitational potential is related to the long-mode curvature potential
as
Ψl(η, r¯nˆ) = DΨ(η)ζ
l(r¯nˆ) = DΨ(η) [ζo + r¯ζ1(nˆ) + . . . ] , (3.20)
which implies
vl(η, r¯nˆ) = −DV (η) [ζo + r¯ζ1(nˆ) + . . . ] , V l‖ (η, r¯nˆ) = DV (η) [ζ1 + . . . ] , (3.21)
for the long-mode velocity potential and line-of-sight velocity. Inserting this into equations (2.12)–
(2.14), we see that the contributions of ζ0 and ζ1 to δo, δs and δnl are given by
δs(ζ0, ζ1) = − 1
C
[Aζ0 + (Ar¯z + B) ζ1] , (3.22)
δo(ζ0, ζ1) = − 1
C
[Cζ0 +Dζ1] , (3.23)
δnl(ζ0, ζ1) = − 1
C
∫ r¯z
0
dr¯ [E(r¯)ζ0 + (E(r¯)r¯ + F(r¯)) ζ1] . (3.24)
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Hence, the total contribution of ζ0 and ζ1 to δg is vanishing if
A+ C +
∫ r¯z
0
dr¯ E(r¯) = 0 , Ar¯z + B +D +
∫ r¯z
0
dr¯F(r¯) +
∫ r¯z
0
dr¯ E(r¯)r¯ = 0 . (3.25)
The validity of these equations can indeed be confirmed by applying the relations between the growth
functions DΨ and DV given in equation (2.8), which proves that there is no contribution to δg by the
uniform potential generated by ζ0 and the uniform gravity generated by ζ1.
By applying equation (3.25), we can easily show that there is also no IR-divergence in the total
galaxy power spectrum P thg . Note that, in addition to the behavior of very long modes in Ps given in
equation (3.19), we have
P k→0o (k) =
[
C2L0 1
k4
+
1
3
D2 (L0 + 2L2) 1
k2
]
Pm(k) , (3.26)
for the divergent parts in the power spectrum Po at the observer, and
P k→0nl (k) =
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
E1E2
((
1− 1
6
∆x2
)
L0 − 1
3
∆x2L2
)
1
k4
+
2
3
E1F2 ∆r
k2
(L0 + 2L2)
+
4
3
E1G2 (L0 − L2) 1
k2
+
1
3
F1F2 (L0 + 2L2) 1
k2
]
Pm(k) . (3.27)
for the divergent parts in the power spectrum Pnl of the non-local terms. The divergent parts of the cross
power spectra of δs, δo and δnl are given in equations (A.4)−(A.6) in appendix A. Note that to obtain
the divergent contributions to the power spectra in equations (3.12) and (A.1)−(A.3), we expanded the
Bessel functions around zero up to the order required to have terms scaling as k−4Pm(k) and k−2Pm(k)
in the power spectra. Furthermore, note that according to the multipole expansion, the divergent contri-
butions only appear in the monopoles and quadrupoles of the power spectra, i.e. the quantities propor-
tional to L0 and L2. Now, summing up the respective contributions from equations (3.19), (3.26), (3.27)
and (A.4)–(A.6), we can show that all divergent terms proportional to L0 and L2 vanish, as they can be
factorized such that all terms contain the vanishing expressions given in equation (3.25). Hence, while
all the individual contributions, which are by themselves not measurable, exhibit a diverging behavior at
very large scales, this infrared divergence vanishes completely in the total galaxy power spectrum P thg .
We conclude that the diverging power in the power spectrum at low k found in previous work
(e.g., [13–15]) is originating from the consideration of only Ps, i.e. the relativistic effects at the source
position, while ignoring other relativistic contributions in the full gauge-invariant expression. With
all relativistic effects accounted for in the power spectrum, we showed that there exist no relativistic
contributions to the power spectrum that scale with 1/k2 or 1/k4 at low k, mimicking the signature of
the primordial non-Gaussianity. However, while the terms leading to infrared divergences vanish in the
galaxy fluctuation, other effects (represented by non-divergent terms) manifest on large scales. Hence,
the standard redshift-space power spectrum does not accurately describe the large-scale behavior of the
galaxy power spectrum, as we will discuss in detail in section 4.
3.3 Redshift-space distortion and gravitational lensing
In this section, we consider the galaxy number density taking only the standard redshift-space distortion
given in equation (2.16) and the standard gravitational lensing given in equation (2.17) into account,
δst = δz + δL , (3.28)
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where we refer to this equation as the standard expression for the galaxy number density. While the
redshift-space distortion power spectrum is well studied, the gravitational lensing contribution to the
power spectrum has found little consideration in theoretical work (see, however, [31]). Though the
gravitational lensing contribution changes across the sky, it changes little when the source position is
moved along the line-of-sight within the survey volume, since the lensing contribution arises from the
matter density fluctuations around half the distance to the survey volume and the survey depth is typically
smaller than the distance to the survey. Consequently, the gravitational lensing contribution to the power
spectrum is very close to the Dirac delta function along the line-of-sight wavevector k‖, while it is
similar to the angular power spectrum along the transverse wavevector k⊥. In reality, its contribution
to the power spectrum differs from the Dirac delta function in the ideal case, rather its shape is largely
determined by the survey window function (see, e.g., [31]). In contrast, our approach to the theory power
spectrum can exactly compute the gravitational lensing contribution to the power spectrum, independent
of survey geometry, which is another advantage of our method.
To evaluate the standard power spectrum Pst(k) of the standard galaxy number density δst, first
note that equation (2.16) for δz can be written as
δz =
∫
d3k
(2pi)3
eikr¯zµk
(
b+ fµ2k
)
Dδ(k) , (3.29)
and equation (2.17) for δL as
δL =
∫
d3k
(2pi)3
∫ r¯z
0
dr¯ eikr¯µk
[
F(r¯) iµk
k
+ G(r¯)(1− µ2k)
]
δ(k) . (3.30)
The power spectrum Pst(k) is given by
Pst(k) = Pz(k) + PL(k) + 2Pz-L(k) , (3.31)
where the first term is the standard redshift-space power spectrum given in equation (3.10), the second
term is the lensing power spectrum obtained from 〈δ2L(z, nˆ)〉:
PL(k) =
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
−F1F2 1
k2
j′′2n(∆x)− 2G1F2
1
k
(
j′2n(x) + j
′′′
2n(x)
)
+ G1G2
(
j2n(∆x) + 2j
′′
2n(∆x) + j
′′′′
2n(∆x)
) ]
Pm(k) , (3.32)
and the last term is the cross power spectrum obtained from 〈δz(z, nˆ)δL(z, nˆ)〉,
Pz-L(k) =
∫ r¯z
0
dr¯
∞∑
n=0
(−1)n(4n+ 1)L2n
[
DfF(r¯) 1
k
j′′′2n(∆xz)− bDF(r¯)
1
k
j′2n(∆xz)
+ bDG(r¯) (j2n(∆xz) + j′′2n(∆xz))−DfG(r¯) (j′′2n(∆xz) + j′′′′2n(∆xz)) ]Pm(k) , (3.33)
with ∆xz ≡ k(r¯z − r¯). Note that equations (3.32) and (3.33) can be obtained from equations (3.12) and
(A.2) by setting A ≡ B ≡ E ≡ 0 , as the contributions proportional to these functions do not appear
in δst.
While, as mentioned above, our approach allows us to compute the contribution of the standard
lensing independently of the survey volume, one problem becomes evident when considering equa-
tion (3.32): It contains a term ∼ 1/k2, which leads to an infrared divergence. As we have argued in
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section 3.2, this divergence is an unphysical artifact of not considering all relativistic effects consistently.
One possible way of computing the contribution of the standard lensing alone would be to introduce an
“IR-safe” lensing power spectrum,
P IR-safeL (k) ≡
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
−F1F2 1
k2
(
j′′2n(∆x)−
1
3
δn0 − 2
15
δn1
)
− 2G1F2 1
k
(
j′2n(x) + j
′′′
2n(x)
)
+ G1G2
(
j2n(∆x) + 2j
′′
2n(∆x) + j
′′′′
2n(∆x)
) ]
Pm(k) ,
(3.34)
removing the divergent contribution. However, the presence of the infrared divergence indicates that
the standard gravitational lensing alone is, in fact, not observable. Therefore, we will compute the full
relativistic contributions to the power spectrum, decomposed in terms of angular multipoles, in section 4.
4 Numerical computation of the power spectrum
In this section, we numerically investigate the theory power spectrum and its different contributions.
For numerical calculations we assume a flat ΛCDM universe with dark matter density Ωcdmh2 = 0.12,
baryon density Ωbh2 = 0.0462, scalar amplitude As = 2.1× 10−9 at the pivot scale k0 = 0.05 Mpc−1,
spectral index ns = 0.966 and Hubble parameter h = 0.674, consistent with the Planck 2018 re-
sults [32]. Furthermore, we assume b = 1, no magnification bias and set the evolution bias to e = 3 at
any redshift. Using CLASS [33], we obtain the matter power spectrum Pm(k) today, and then we use
the relations in section 2.1 to obtain the power spectra of the other scalar perturbations at ao = 1. With
the respective growth functions also given in section 2.1, we are fully equipped to numerically evaluate
the resulting power spectra at a general scale factor a, and compute their contributions to the total galaxy
power spectrum.
In the next three subsections, we compute the total monopole (` = 0), quadrupole (` = 2) and hex-
adecapole (` = 4), taking into account the complete gauge-invariant expression of the galaxy number
density in equations (2.12)–(2.14), i.e. accounting for all the contributions at the source, at the observer
and along the line of sight. As the theory power spectrum is rotationally symmetric around the observed
angle, only even multipoles exist. Higher order multipoles ` ≥ 6 have little significance. The standard
redshift-space power spectrum, which is the dominant contribution on small scales, does not contribute
to any multipoles beyond ` = 4, which means that there is no significant contribution to such multipoles
for large k. For low k, the contribution to the multipoles is decreasing with larger ` due to the behavior
of the spherical Bessel functions j`(x) at low x (x l): The position of the first peak is increasing with
its height decreasing for larger `, and j`(x) is remaining close to zero for an increasingly large interval.
For these reasons, we consider only the monopole, quadrupole and hexadecapole in our numerical eval-
uations, and compare the total power spectra with their standard redshift-space predictions. Note that,
to deal with the derivatives of the spherical Bessel functions in the equations for the multipole power
spectra, we use the relation
j′n(y) =
1
2n+ 1
(njn−1(y)− (n+ 1)jn+1(y)) , (4.1)
to avoid computing the derivatives at every step in the integrations.
4.1 Monopole
First, we numerically evaluate the contributions to the monopole power spectrum, given by the terms
proportional to L0 in equations (3.9)–(3.12) and (A.1)–(A.3), and show the resulting curves for redshift
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Figure 3: Monopole power spectrum at redshift z = 0.5 as a function of k, including the total power spectrum Pg (black line), the standard
redshift-space power spectrum Pz (brown line), and the individual contributions of the power spectra and cross power spectra of the source,
observer and non-local terms (other colors). Note that the individual contributions exhibit an IR-divergent behavior, which vanishes for the
total monopole power spectrum. Furthermore, note that, as stated in equation (3.2), the cross power spectra contribute to the total with a factor
of 2. This factor is accounted for in the curves for the cross power spectra, in this and all other plots of section 4.
z = 0.5 in figure 3. This figure illustrates the divergent behavior of the individual components in
the infrared, in particular of the source power spectrum Ps, which was taken seriously in theoretical
interpretations. However, as illustrated in figure 3 and proved analytically in section 3.2, this divergent
behavior vanishes for the total monopole galaxy power spectrum Pg(k; l = 0), yielding no corrections
to the signal of primordial non-Gaussianity. Nevertheless, we can see additional features in the total
monopole power spectrum Pg(k; l = 0) (black curve) compared to the standard redshift-space prediction
Pz(k; l = 0) (brown curve) at scales k . keq, where keq corresponds to the scale of matter-radiation
equality at which the turn-over in the power spectrum occurs.
These features, consisting of oscillations and, at the largest scales k . 10−3 h/Mpc, a rise in
amplitude, are caused by the non-vanishing, non-divergent parts of the relativistic contributions. To
better analyze these effects, it is practical to remove the divergent terms, as they do not have any impact
on the total power spectrum. For that purpose, we define the non-divergent, “IR-safe” power spectra,
P IR-safe(k) ≡ P (k) − P k→0(k). According to equations (3.9)–(3.12), (3.19), (3.26) and (3.27), this
yields
P IR-safes (k; l = 0) = Pz(k; l = 0) =
(
b2 +
2
3
bf +
1
5
f2
)
D2Pm(k) , P
IR-safe
o (k; l = 0) = 0 ,
P IR-safenl (k; l = 0) =
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
E1E2 1
k4
(
j0(∆x)− 1 + 1
6
∆x2
)
−F1F2 1
k2
(
j′′0 (∆x) +
1
3
)
− 2E1F2 1
k3
(
j′0(∆x) +
1
3
∆x
)
+ 2E1G2 1
k2
(
j0(∆x) + j
′′
0 (∆x)−
2
3
)
− 2G1F2 1
k
(
j′0(∆x) + j
′′′
0 (∆x)
)
+ G1G2
(
j0(∆x) + 2j
′′
0 (∆x) + j
′′′′
0 (∆x)
) ]
Pm(k) . (4.2)
for the IR-safe contributions to the monopole of the observer, source and non-local power spectrum. For
the cross power spectra, the respective IR-safe contributions to the monopole are obtained from the terms
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Figure 4: The total monopole power spectrum and the individual, IR-safe contributions at redshift z = 0.5 (top) and z = 2 (bottom). Note
that there are no curves for the contributions of the IR-safe source and observer power spectra, as the former is identical to the standard
redshift-space power spectrum and the latter is fully vanishing.
proportional to L0 in equations (A.7)–(A.9). Note that, despite the full cancellation P IR-safeo = 0, the
contribution of the observer terms δo to the IR-safe cross power spectra P IR-safes-o and P
IR-safe
o-nl are non-zero,
and, hence, cannot be ignored. Furthermore, note that the relativistic contributions that affect the total
power spectrum Pg are not individually measurable. Hence, as the divergent contributions cancel out
in Pg, there is no loss of any physically meaningful quantity when we remove the divergent parts from
the individual contributions, while that makes the relativistic features easier to interpret. In figure 4, we
have plotted the IR-safe contributions and their sum, the total monopole power spectrum Pg(k; l = 0)
unaffected by the divergent terms, for redshift z = 0.5 and, to illustrate the redshift dependence of the
relativistic effects, for redshift z = 2. In these plots, we can easily see that, for redshift z = 0.5, the
elevation of the total power spectrum at the largest scales is caused by the contribution of Ps-o, while for
z = 2, the contribution of Ps-nl and Po-nl are also relevant at these scales.
At scales k & 10−3 h/Mpc, the source-observer cross power spectrum Ps-o, which is the most
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Figure 5: On the left, we show the standard redshift-space prediction for the monopole power spectrum Pz(k; l = 0) (gray curves) and the
total Pg(k; l = 0) (colored curves) including all general relativistic effects for z ∈ {0.5, 1, 2}. On the right, we plot the fractional deviation
of Pg(k; l = 0) from Pz(k; l = 0) for k = 0.005− 0.030h/Mpc.
significant contribution at low redshift z = 0.5, shows an oscillating behavior due to the appearance
of spherical Bessel function which are not integrated over. These oscillations are visible in the total
monopole power spectrum at scales k . keq, before the relativistic effects become negligible compared
to the standard redshift-space prediction. For z = 2, the width of these oscillations is smaller (despite
their appearance in the logarithmic plot) and they occur at lower k due to the higher value of r¯z in the
argument of the spherical Bessel function jl(kr¯z) and its derivatives. The heights of the positive and
negative peaks is determined by the behavior of the functions A, B, C, D and D shown in figure 1. At
redshift z = 0.5, the dominant contribution to Ps-o arises from the last two terms in equation (A.1),
those proportional to DD. The other terms are less significant, and in particular those proportional to
A are completely negligible. However, this changes for the redshift z = 2, where these terms ∝ A
drastically increase in significance. In particular, the term ∝ AD now yields a negative contribution
which significantly decreases the amplitude of the positive peaks while increasing the one of the negative
peaks, as visible in the lower panel of figure 4.
While at redshift z = 0.5, the contribution of Ps-o is the most significant alteration to the standard
redshift-space monopole power spectrum, the contributions of Pnl, Ps-nl and Po-nl, which contain inte-
grations over the line-of-sight, gain importance with higher redshift z. These contributions, in particular
Po-nl, and Pnl at k & 5× 10−3, result in an increase of the total power spectrum. This behavior is well
visible in figure 5, in particular in the right panel. At redshift z = 0.5, where the contributions involving
non-local terms have little significance, Ps-o causes oscillations around the reference level of the stan-
dard redshift-space power spectrum, with similarly prominent negative and positive peaks. At redshift
z = 2, where the contribution of Pnl even exceeds the one of Ps-o at k & 8 × 10−3, these oscillations
are clearly lifted above the reference level of Pz . For further comparison, figure 5 also contains an inter-
mediate redshift z = 1, where the elevation caused by the non-local terms is clearly visible, while not
being as prominent as for redshift z = 2. Note that, at k ≈ 5× 10−3h/Mpc, the redshift z = 0.5 shows
the largest deviation from the standard redshift-space prediction, since the oscillations occur at higher
k for lower z, as visible on the left panel of the figure. However, for k ≈ 3 × 10−2h/Mpc, where the
oscillations induced by Ps-o have little significance, the largest deviation occurs at the highest redshift
z = 2 due to the impact of Pnl.
From the right panel of figure 5, we further conclude that the relativistic corrections are still at the
percent-level at k ≈ 0.02h/Mpc, roughly corresponding to the scale of matter-radiation equality. Thus,
while relativistic effects are negligible at small scales, with k considerably larger than keq, they must be
taken into account for analyzing data on large scale, k . keq.
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Figure 6: Same as figure 3, but for the quadrupole l = 2.
4.2 Quadrupole
Similarly as for the monopole, we numerically evaluate the contributions to the quadrupole power spec-
trum, given by the terms proportional to L2 in equations (3.9)–(3.12) and (A.1)–(A.3), and show the
resulting curves for redshift z = 0.5 in figure 6. Again, we see that the individual contributions to the
quadrupole, in particular the contribution of the source power spectrum Ps, exhibit a divergent behavior
in the infrared, which vanishes for the total quadrupole power spectrum Pg(k; l = 2) as discussed in
section 3.2. Comparing Pg(k; l = 2) (black curve) with the standard redshift-space quadrupole power
spectrum (brown curve), we see prominent additional features at scales k . keq, consisting out of
oscillations and a rise in amplitude at the largest scales k . 10−3h/Mpc.
Again, to better analyze these features, we consider the IR-safe contributions, given by
P IR-safes (k; l = 2) = Pz(k; l = 2) =
(
4
3
bf +
4
7
f2
)
D2Pm(k) , P
IR-safe
o (k; l = 2) = 0 ,
P IR-safenl (k; l = 2) = −5
∫ r¯z
0
dr¯1
∫ r¯z
0
dr¯2
[
E1E2 1
k4
(
j2(∆x)− 1
15
∆x2
)
−F1F2 1
k2
(
j′′2 (∆x)−
2
15
)
− 2E1F2 1
k3
(
j′0(∆x)−
2
15
∆x
)
+ 2E1G2 1
k2
(
j2(∆x) + j
′′
2 (∆x)−
2
15
)
− 2G1F2 1
k
(
j′2(∆x) + j
′′′
2 (∆x)
)
+ G1G2
(
j2(∆x) + 2j
′′
2 (∆x) + j
′′′′
2 (∆x)
) ]
Pm(k) , (4.3)
and the terms proportional toL2 in the equations (A.7)–(A.9) for the cross-power spectra. The numerical
results for the IR-safe power spectra are shown in figure 7 for the redshift z = 0.5 (top panel) and
z = 2 (bottom panel). For the redshift z = 0.5, we see that the oscillating contribution of Ps-o is the
only significant alteration to the standard prediction. At the higher redshift z = 2, we see that all the
other contributions, which involve line-of-sight integrals, have gained significance and lead to additional
alterations apart from the oscillations induced by Ps-o. In particular, at k . 7 × 10−3h/Mpc, the
contribution of Ps-nl leads to an increase in the total quadrupole power spectrum, while the contribution
of Pnl leads to a decrease at k & 7× 10−3h/Mpc.
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Figure 7: Same as figure 4, but for the quadrupole l = 2.
Compared to the monopole power spectrum, the oscillations induced by Ps-o have an even higher
effect onto the total quadrupole higher spectrum, which is due to the overall factor of 5 in front of
the terms proportional to L2 in equation (A.7), arising from the factor (2l + 1) in the plane wave
expansion (3.14). This is clearly visible on the right panel of figure 8, showing a deviation at k ≈
5×10−3h/Mpc of more than 10% for z = 2 (more than 20% for z = 1, and more than 40% for z = 0.5).
Comparing this with the right panel of figure 5, the deviation of the total monopole power spectrum from
the standard redshift-space prediction is below 10% for all three redshifts. At k ≈ 3× 10−2h/Mpc, the
deviation is, with about 2%, the largest for the redshift z = 2 due the contribution of Ps-nl.
With even higher deviations from the standard redshift-space prediction than for the monopole,
this analysis of the impact of general relativistic effects on the quadrupole power spectrum reaffirms our
conclusions that these effects need to be taken into account at scales k . keq.
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Figure 8: Same as figure 5, but for the quadrupole l = 2.
4.3 Hexadecapole
As discussed in section 3.2, IR-divergent terms only appear in the monopole and quadrupole power
spectra, meaning that all individual contributions to the hexadecapole are already IR-safe. In particular,
according to equations (3.9)–(3.11), the source power spectrum is equal to the standard redshift-space
prediction, and the observer power spectrum is fully vanishing,
Ps(k; l = 4) = Pz(k; l = 4) =
8
35
f2D2Pm(k) , Po(k; l = 4) = 0 . (4.4)
The contributions of the source power spectrum and the cross power spectra can be obtained by taking
the terms proportional toL4 in equations (3.12) and (A.1)–(A.3). Following these equations, we evaluate
the quadrupole power spectrum with its individual contributions numerically for the redshifts z = 0.5
and z = 2 and show the results in figure 9. As for the monopole and quadrupole, we see that at
the lower redshift z = 0.5, the clearly most significant relativistic correction to the standard redshift-
space prediction arises from the source-observer cross-power spectrum Ps-o. However, as the standard
redshift-space power spectrum is about an order of magnitude lower for the hexadecapole l = 4 than
for the monopole l = 0 or quadrupole l = 2, the oscillations induced by Ps-o have a drastically larger
impact on the total hexadecapole power spectrum. At k . 10−2h/Mpc, the total power spectrum is
dominated by the contribution of Ps-o, and the oscillations are still clearly visible in the total curve up
k ≈ 10−1h/Mpc. Indeed, as seen in figure 10, the deviation from the standard redshift-space prediction
is still a few percent at that scale.
For the higher redshift z = 2, we see that all other relativistic corrections involving integrals over
the line-of-sight have considerably gained significance, and affect the total hexadecapole power spec-
trum on some scales: At scales k & 10−2h/Mpc, the positive contribution of Pnl leads to an increase
in the total curve, while at larger scales 10−3h/Mpc . k . 10−2h/Mpc, the negative contribution of
Ps-nl decreases the positive while increasing the negative peaks. Indeed, the elevating impact of Pnl
is clearly visible in figure 10, with the deviation from the standard redshift-space prediction still being
around 5% at k = 1.2 × 10−1h/Mpc. At the largest scales k . 10−3h/Mpc, the contribution of Po-nl
yields an additional rise in amplitude.
These results illustrate that when considering the hexadecapole, taking into account all relativistic
effects in absolutely crucial, even at rather small scales k ≈ 10−1h/Mpc. In principle, this is also true
for higher multipoles, l = 6, 8, . . . , as the standard redshift-space power spectrum is completely van-
ishing for l ≥ 6, while Ps-o, Pnl, Ps-nl and Po-nl have contributions to all these higher even multipoles.
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Figure 9: This plot show the total hexadecapole power spectrum and its individual components at redshifts z = 0.5 (top) and z = 2 (bottom).
Note that none of the individual contributions exhibit an IR-divergent behavior. In particular, the Po(k; l = 4) is exactly vanishing and
Ps(k; l = 4) is identical to the standard redshift-space prediction, which is why there are no curves for these contributions.
However, these contributions decline in significance with increasing ` due to the behavior of the spher-
ical Bessel functions j`(x), with negligible values at large x and the values at small x decreasing with
increasing `.
5 Summary and conclusion
In this paper, we have studied the general relativistic contributions in galaxy clustering based on the
theory power spectrum. This theory power spectrum, commonly used in theoretical work, is obtained
by Fourier transforming the observed galaxy fluctuation on the (infinite) hypersurface of simultaneity
set by the time coordinate of the source. On the other hand, the observed power spectrum measured
in galaxy surveys also takes the form of a Fourier transform, but with the hypersurface of simultaneity
replaced by the (finite) past light-cone volume as an area of integration. As we can only observe the past
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Figure 10: We plot the fractional deviation of Pg(k; l = 4) from Pz(k; l = 4) for k = 0.08 − 0.12h/Mpc. Note that, compared to the
monopole and quadrupole, the relativistic corrections have an even higher significance and alter the total hexadecapole power spectrum up to
higher values of k, which is why we chose a higher range of k compared to figures 5 and 8.
light-cone volume, the theory power spectrum itself is not directly observable, but its convolution over
the survey window function is related to the observed power spectrum on the light-cone volume. More
importantly, as it is defined in a hypersurface, it is independent of individual survey geometry, and is
thus highly suitable to study the impact of general relativistic effects on a theoretical level. In particular,
the theory power spectrum naturally incorporates the relativistic contributions along the line-of-sight
direction such as the gravitational lensing effect, which is hard to account for in the standard power
spectrum analysis. When only the redshift-space distortion is considered, it reduces to the well-known
standard redshift-space power spectrum.
We use the theory power spectrum to analyze the full relativistic contributions in the observed
galaxy fluctuation from the source position and along the line-of-sight direction, including the observer
position. In the past, there have been considerable efforts to derive the galaxy power spectrum, ac-
counting for the full relativistic effects (see, e.g., [13–15]). However, these studies considered only the
contribution at the source position δs to the observed galaxy fluctuation, ignoring the contributions δo at
the observer position and δnl along the line-of-sight direction. While δs is the dominant contribution on
small scales, the other contributions become comparable on large scales. Consequently, ignoring δo and
δnl results in significant systematic errors in the power spectrum computation on large scales.
In particular, the power spectrum with δs alone diverges in the limit k → 0 due to the relativistic
contribution at the source position. This infrared divergence is considered in literature as a contaminant
to the measurements of the primordial non-Gaussianity (e.g., [15, 34–39]). However, it is an artifact
of inadvertently ignoring the other relativistic contributions δo and δnl and hence breaking the gauge
invariance. Our calculations show that δo and δnl also diverge in the infrared, and indeed all the diver-
gences at low k are canceled to yield vanishing power of the total power spectrum in the limit k → 0.
This result is the consequence of the equivalence principle in general relativity – Any perturbations of
wavelength larger than the scale of the system (or our observable universe) act as a uniform gravity,
and there is no way to detect the presence of such long modes based on local experiments in general
relativity. We suspect that a similar argument can be made for the local-type non-Gaussian signature in
the initial condition, and hence for its impact on the galaxy power spectrum initially discovered in [40].
Though no diverging power is present on large scales, the relativistic power spectrum significantly
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differs from the standard redshift-space power spectrum at scales k . keq, as the standard matter power
spectrum falls over beyond keq. Our numerical investigation of the total monopole, quadrupole and
hexadecapole power spectra show that, at the largest scales k . 10−3h/Mpc, the relativistic corrections
lead to a rise in amplitude. At scales 10−3h/Mpc . k . 10−2h/Mpc, they induce oscillating features
arising from the cross power spectrumPs-o of the observer and source terms. In addition, the contribution
of non-local terms integrated along the line-of-sight become relevant at high redshift, further altering
the amplitude of the total power spectrum. These effects result, for the monopole and quadrupole, in a
percent-level deviation of the relativistic power spectrum from its standard redshift-space prediction at
scales k ≈ keq. When additionally considering the hexadecapole, where the amplitude of the standard
redshift-space power spectrum is lower compared to the monopole and quadrupole, taking relativistic
corrections into account is even more important as they significantly alter the total hexadecapole power
spectrum up to rather small scales k ≈ 10−1h/Mpc.
We conclude that, while relativistic effects are negligible on small scales k  keq, taking them
into account is crucial for any survey targeting large scales, k . keq. While the relativistic theory power
spectrum analyzed in this work is independent of any particular survey, it is related to the observed
power spectrum with a given survey geometry via equation (2.35). Hence, our work does not only point
out the significance of relativistic effects on a theoretical level, but also provides all fundamental tools
to determine the relativistic galaxy power spectrum for any specific survey, which will be investigated
in future work.
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A Cross power spectra of the local and non-local contributions to the observed galaxy
fluctuation
Here, we provide the expressions for the cross power spectra of the contributions δs, δo, δnl to the
observed galaxy fluctuation δg in equations (2.12)−(2.14). We present the full expressions for the cross
power spectra Ps-o, Ps-nl and Po-nl, expanding them into angular multipoles with respect to the cosine
angle µk = kˆ ·nˆ. Since the power spectra are real and symmetric under rotation around nˆ, the expansion
contains only even multipoles. As discussed in section 3.2, the monopole and quadrupole contributions
to the individual power spectra diverge in the infrared. However, the divergent parts cancel out when all
individual monopole and quadrupole power spectra are summed. Therefore, after isolating the divergent
parts, we present the expressions for the IR-safe cross power spectra.
The cross power spectra of the contributions δs, δo, δnl to the density fluctuation δg are obtained
from the variances 〈δsδ∗o〉, 〈δsδ∗nl〉, 〈δoδ∗nl〉 by using the method described in section 3.1. Note that, as
stated in equation (3.2), these cross power spectra contribute to the total power spectrum Pg(k) with a
factor of 2, which we account for in all figures of section 4. We obtain
Ps-o(k)
Pm(k)
=
∞∑
n=0
(−1)n(4n+ 1)L2n
[
AC 1
k4
j2n(kr¯z) + (BC −AD) 1
k3
j′2n(kr¯z) + bDC
1
k2
j2n(kr¯z)
− (BD + fDC) 1
k2
j′′2n(kr¯z)−bDD
1
k
j′2n(kr¯z) + fDD
1
k
j′′′2n(kr¯z)
]
, (A.1)
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for the source-observer cross power spectrum,
Ps-nl(k)
Pm(k)
=
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯
[
AE 1
k4
j2n(∆xz) + (BE −AF) 1
k3
j′2n(∆xz)
+ bDE 1
k2
j2n(∆xz) +AG 1
k2
(
j2n(∆xz) + j
′′
2n(∆xz)
)− (DfE + BF) 1
k2
j′′2n(∆xz)
+DfF 1
k
j′′′2n(∆xz)− bDF
1
k
j′2n(∆xz) + BG
1
k
(
j′2n(∆xz) + j
′′′
2n(∆xz)
)
+ bDG (j2n(∆xz) + j′′2n(∆xz))−DfG (j′′2n(∆xz) + j′′′′2n(∆xz)) ] , (A.2)
for the source-non local cross power spectrum, and
Po-nl(k)
Pm(k)
=
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯
[
CE 1
k4
j2n(kr¯)− (DE − CF) 1
k3
j′2n(kr¯)−DF
1
k2
j′′2n(kr¯)
+ CG 1
k2
(
j2n(kr¯) + j
′′
2n(kr¯)
)−DG 1
k
(
j′2n(kr¯) + j
′′′
2n(kr¯)
) ]
, (A.3)
for the observer-non local cross power spectrum, where the Legendre polynomials are functions of µk
and we defined ∆rz ≡ r¯z − r¯ and ∆xz ≡ k∆rz . We now isolate the divergent terms in the above cross
power spectra, which yields
P k→0s-o (k)
Pm(k)
=AC 1
k4
((
1− 1
6
k2r¯2z
)
L0 − 1
3
k2r¯2zL2
)
+ bDC 1
k2
L0
− 1
3
(r¯zBC − r¯zAD − BD −DfC) 1
k2
(L0 + 2L2) , (A.4)
for the IR-divergent part of the observer-source cross power spectrum,
P k→0s-nl (k)
Pm(k)
=
∫ r¯z
0
dr¯
[
AE 1
k4
((
1− 1
6
∆x2z
)
L0 − 1
3
∆x2zL2
)
+
2
3
AG 1
k2
(L0 − L2)
− 1
3
(∆rz(BE −AF)−DfE − BF) 1
k2
(L0 + 2L2) + bDE 1
k2
L0
]
, (A.5)
for the IR-divergent part of the observer-non local cross power spectrum, and
P k→0o-nl (k)
Pm(k)
=
∫ r¯z
0
dr¯
[
CE 1
k4
((
1− 1
6
k2r¯2
)
L0 − 1
3
k2r¯2L2
)
+
2
3
CG 1
k2
(L0 − L2)
+
1
3
(r¯DE − r¯CF +DF) 1
k2
(L0 + 2L2)
]
, (A.6)
for the IR-divergent part of the source-non local cross power spectrum. Note that these divergent contri-
butions, given by the terms proportional to k−2Pm and k−4Pm, only appear in the monopoles and the
quadrupoles of the cross power spectra.
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The IR-safe cross power spectra defined as P IR-safe(k) ≡ P (k)−P k→0(k), i.e. with the divergent
terms being removed, are then given by
P IR-safes-o (k)
Pm(k)
=
∞∑
n=0
(−1)n(4n+ 1)L2n
[
AC 1
k4
(
j2n(kr¯z)−
(
1− 1
6
k2r¯2z
)
δn0 − 1
15
k2r¯2zδn1
)
+ bDC 1
k2
(j2n(kr¯z)− δn0) + (BC −AD) 1
k3
(
j′2n(kr¯z) +
1
3
kr¯zδn0 − 2
15
kr¯zδn1
)
− (BD +DfC) 1
k2
(
j′′2n(kr¯z) +
1
3
δn0 − 2
15
δn1
)
− 1
k
bDDj′2n(kr¯z) +
1
k
DfDj′′′2n(kr¯z)
]
, (A.7)
for the IR-safe observer-source cross-power spectrum,
P IR-safes-nl (k)
Pm(k)
=
∞∑
n=0
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯
[
AE 1
k4
(
j2n(∆xz)−
(
1− 1
6
∆x2z
)
δn0 − 1
15
∆x2zδn1
)
+ (BE −AF) 1
k3
(
j′2n(∆xz) +
1
3
∆xzδn0 − 2
15
∆xzδn1
)
+ bDE 1
k2
(j2n(∆xz)− δn0)
+AG 1
k2
(
j2n(∆xz) + j
′′
2n(∆xz)−
2
3
δn0 − 2
15
δn1
)
+ BG 1
k
(
j′2n(∆xz) + j
′′′
2n(∆xz)
)
− (DfE + BF) 1
k2
(
j′′2n(∆xz) +
1
3
δn0 − 2
15
δn1
)
− bDF 1
k
j′2n(∆xz)
+ bDG (j2n(∆xz) + j′′2n(∆xz))−DfG (j′′2n(∆xz) + j′′′′2n(∆xz))+DfF 1k j′′′2n(∆xz)
]
, (A.8)
for the IR-safe source-non local cross power spectrum, and
P IR-safeo-nl (k)
Pm(k)
=
∞∑
n=2
(−1)n(4n+ 1)L2n
∫ r¯z
0
dr¯
[
CE 1
k4
(
j2n(kr¯)−
(
1− 1
6
k2r¯2
)
δl0 − 1
15
k2r¯2δl1
)
− (DE − CF) 1
k3
(
j′2n(kr¯) +
1
3
kr¯δl0 − 2
15
kr¯δl1
)
−DF 1
k2
(
j′′2n(kr¯) +
1
3
δl0 − 2
15
δl1
)
+ CG 1
k2
(
j2n(kr¯) + j
′′
2n(kr¯)−
2
3
δl0 − 2
15
δl1
)
−DG 1
k
(
j′2n(kr¯) + j
′′′
2n(kr¯)
) ]
, (A.9)
for the IR-safe observer-non local cross power spectrum. The expressions for the monopole, quadrupole
and hexadecapole cross power spectra and their divergent and IR-safe parts can be read off the above
expressions by taking the coefficients of L0, L2 and L4, respectively.
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